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Multiple current reversals in forced inhomogeneous ratchets
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Transport properties of overdamped Brownian particles in a rocked thermal ratchet with space dependent
friction coefficient is studied. By tuning the parameters, the direction of current exhibit multiple reversals, both
as a function of the thermal noise strength as well as the amplitude of rocking force. Current reversals also
occur under deterministic conditions and exhibit intriguing structure. All these results arise due to mutual
interplay between potential asymmetry, noise, driving frequency, and inhomogeneous friction.
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Fluctuation induced transport in ratchet systems has b
an active field of research over the last decade. In these
tems in the absence of any net macroscopic forces, the a
metric potential can be used to induce a unidirectional p
ticle flow when subjected to external nontherm
fluctuations. These studies have been motivated in par
the attempt to understand the mechanism of movemen
protein motors in biological systems@1#. To this effect sev-
eral physical models have been proposed under the nam
rocking ratchets@2–4#, flashing ratchets@5,6#, diffusion
ratchets@7#, correlation ratchets@8#, etc. In all these studie
the potential is taken to be asymmetric in space. It has
been shown that one can obtain unidirectional current in
presence of spatially symmetric potentials. For these n
equilibrium systems external random force should be ti
asymmetric@9# or the presence of space dependent mobi
is required@10–16#. By suitably tuning the system param
eters such as temperature, friction coefficient, mass, etc.,
can even change the direction of the current@17#. Indeed, the
study of current reversal phenomena has given rise to a
search activity on its own. The motivation being the pos
bility of new particle separation devices superior to exist
methods such as electrophoretic method for particles of
crometer scale@18#.

Bartusseket al. @4# showed the occurrence of current r
versal in a rocked thermal ratchet with both amplitude
rocking force as well as the temperature of thermal ba
This simple and generic model has been studied analytic
in the adiabatic regime and numerically for intermediate
gime. They attributed this current reversal to the ‘‘mutu
interplay between noise and finite-frequency driving.’’ Mu
tiple current reversals have also been shown in the deter
istic limit of these ratchets when the inertial term is tak
into account@3,19#. However, these multiple current reve
sals in inertial ratchets are not robust in the presence
noise. In addition to rocking ratchets current reversals h
also been observed in flashing ratchets@6,20,21#. In this
work we report that that multiple reversals can be achie
even in a rockedoverdampedratchet in the presence of spa
dependent mobility, as a function of the noise strength
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amplitude of the rocking force. Moreover, these syste
show current reversals when rocked adiabatically. In the
terministic overdamped case we get current reversal a
function of the amplitude of rocking force. Most of our re
sults are attributed to the presence of space dependent
bility. We have studied the same system as that of Bartus
et al @4#, except the presence of a space dependent fric
term. In the earlier work the spatial asymmetry of the pote
tial is responsible for unidirectional currents and their rev
sal as function of frequency. As mentioned previously o
can get unidirectional currents in the presence of symme
potentials, but for this space dependent friction is requi
@10–16#. In these systems transport direction is given by
phase shift between mobility and periodic potential. Th
phase shift induces spatial symmetry breaking as required
the directed motion. Appropriately choosing the phase s
leads to current reversal. We would like to emphasize t
space dependent friction does not alter the equilibrium pr
erty of the system, however, when the system is driven ou
equilibrium, nontrivial dynamical effects arise due to spa
dependent friction@16,22,23#. Naturally in our present sys
tem we expect additional effects arising due to a combina
of spatial asymmetry and the position dependence of the
tion coefficient. It is to be noted that systems with spa
dependent friction are not uncommon. Brownian motion
confined geometries show space dependent friction@24#. Par-
ticles diffusing close to surface have a space dependent
tion coefficient@24,25#. It is believed that molecular moto
proteins move close along the periodic structure of micro
bules and will therefore experience a position dependent
bility @15#. Frictional inhomogeneities are common in sup
lattice structures and Josephson junctions@26# also.

We consider an overdamped Brownian particle moving
a asymmetric potentialV(x) with space dependent friction
coefficienth(x) under the influence of external force fie
F(t) at temperatureT. Throughout our analysis we take th
ratchet potentialV(x)52(1/2p)@sin(2px)1(m/4)sin(4px)#.
Herem is the asymmetry parameter with values taken in
range 0,m,1, friction coefficient h(x)5h0@1
2l sin(2px1f)#, ulu,1. f determines the relative phas
shift between friction coefficient and potential. The forcin
term is taken to beF(t)5A sin(wt1u), (w52p/t, wheret
is period of force!. Without any loss of generalityu is taken
©2001 The American Physical Society07-1
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to be zero. The correct Langevin equation for this system
the overdamped limit is given by@12,27,28#

ẋ52
@V8~x!2F~ t !#

h~x!
2kBT

h8~x!

@h~x!#2
1A kBT

h~x!
j~ t !, ~1!

wherej(t) is a zero mean thermal Gaussian noise with c
relation ^j(t)j(t8)&52d(t2t8). The equation of motion is
equivalently described by the Fokker-Planck equation~FPE!
@12#

]P~x,t !

]t
5

]

]x

1

h~x! FkBT
]

]x
1@V8~x!2F~ t !#GP~x,t !,

~2!

whereP(x,t) is the probability density at positionx at timet.
Equation~2!, in the form of a continuity equation

]P~x,t !

]t
52

]J~x,t !

]x
, ~3!

where

J~x,t !52
1

h~x! F @V8~x!2F~ t !#1kBT
]

]xGP~x,t ! ~4!

is the probability current. Since the potential and the driv
force have spatial and temporal periodicity, respective
thereforeJ(x,t)5J(x11,t1t) @29,4#. The average currentj
in the system is given by

j 5 lim
t→`

1

tEt

t1t

dtE
0

1

J~x,t !dx. ~5!

It should be noted that for symmetric potential andl50, j
50. Rectification of current is possible if the potential
either asymmetric orlÞ0 with fÞ0,p @16#. j is indepen-
dent of the initial phaseu of the driving force.

Our model can be analytically studied in the adiaba
regime@16#. However, in our present work we are interest
in the intermediate frequency and strong amplitude of d
ing. In this limit no general valid analytical expressions a
possible@30#. Hence we explore the nonadiabatic regime
the problem by solving the FPE~2! numerically with the
finite difference method. Throughout we have set currej
and all other physical quantities such asT, A, w in dimen-
sionless form.

In the Fig. 1, the average currentj is plotted vsT for
various values ofw. Here l50.1, f50.2p, A50.5, and
m51. Unlike Bartusseket al. @4#, where they show that cur
rent reversal is not possible under adiabatic conditions, h
ever, current reversal even in adiabatic condition can be
tained in the present case for some values off @16#. For
moderately high frequencyw54.0 the current reverses it
sign twiceat T50.1 andT50.22 and asymptotically goes t
zero for higher values ofT as shown in the figure. This
phenomena of twice current reversal with temperatureT is
the foremost feature of our system, previously unseen in
overdamped system. The inset shows the zero contour pl
05630
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the currentj versusT andf for three values ofw. Crossing
this zero contour line implies current reversal. It can be s
that twice current reversal occurs only for a very narro
range off. For frequencies higher than certain critical fr
quency wc(f) current flows in only one direction for al
temperatures, i.e., no current reversal occurs. The adiab
curve w,1 is not shown in the figure as it goes much b
yond the scale of the graph. However, it has a similar qu
tative shape as forw53.0 curve. The plotwc vs f is shown
in Fig. 2. As mentioned before, currents are due to the co
bined effect of phase shiftf coming from space dependen
friction and asymmetry parameterm. In the regime f
50.2p andA50.5 and in the absence of asymmetry curre
flows in the negative direction for all values ofT. The asym-
metric case (m51.0) in the absence of space dependent fr
tion gives current in the positive direction only as a functi

FIG. 1. The mean currentj vs temperatureT for f50.2p, A
50.5, andl50.1. The driving frequencies arew53.0, 4.0, and
5.0. The inset shows the contour of zero current for the same va
of T,l. Regions enclosed on the right hand side of a given cont
is the negative current region and vice versa. Note that we h
only one reversal for all values off.p.

FIG. 2. The critical frequencywc , above which no current re
versal withT occurs vsf for A50.5 andl50.1.
7-2
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of temperature. Separately in both these cases absolute
of current exhibits a maxima as a function ofT, reminiscent
of stochastic resonance phenomena. In a purely asymm
case (l50) current vanishes rapidly whenT exceeds the
temperature associated with the barrier height. Wherea
the symmetric case due to space dependent friction abs
values of currents are significantly higher and decay slo
to zero in the large temperature regime. Naturally in the pr
ence of both asymmetry and space dependent friction for
case under study the low temperature regime is dominate
the effect of asymmetry while the high temperature regim
dominated by space dependent friction. From this, one
qualitatively explain the current reversals from positive
negative side as a function of temperature even in the a
batic limit. In the regimef.p current due to space depe
dent friction and potential asymmetry flows in same dire
tion and hence no reversal is possible as a function ofT. For
frequencies higher than the interwell frequencyw0, the low
temperature scenario changes. The direction of current in
regime is more of a interplay between potential asymme
andw than that ofl. Due to higher frequency the Brownia
particles do not get enough time to cross the right bar
which is at a larger distance from the minima. Number
particles moving about the potential minima increases. T
fact is amply reflected in Fig. 3, where the time averag
probability curve Pav(x)5(1/t)*0

t P(x,t)dt is plotted as
function ofx for various values ofw with T50.05. It is to be
noted that the distribution is independent ofh(x). Figure 3
shows that the probability of finding the Brownian particl
near the minima of the potential well increases with incre
ing frequency, consequently the probable number of parti
near the potential barrier decreases. Since the distance fr
potential minima to the basin of attraction of next minima
less from the steeper side than from the slanted side, hen
one period the particles get enough time to climb the pot
tial barrier from the steeper side than from the slanted s
resulting in a negative current. On increasing the tempe
ture, the particles get kicks of larger intensity and hence t

FIG. 3. The time averaged probabilityPav vs x for various
values ofw andT50.05 andA50.5. The distribution is indepen
dent off andl.
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easily cross the slanted barrier, resulting in a current reve
and positive current. On further increasing the temperat
the effect ofl dominates as mentioned previously and a
result the current again flows in the negative direction, i
plying a second current reversal as shown in the dotted cu
of Fig 1. It is obvious from the above argument that f
higher frequency the first reversal temperature will be hig
as shown in the Fig. 4. The dotted line in the base of Fig
shows the contour of zero current. But as mentioned pre
ously, since the effect ofl dominates for higher temperature
therefore the second reversal temperature decreases wit
creasing frequency. Beyond the critical frequencywc there is
no reversal of current as shown in Figs. 4 and 2. In the h
frequency regime the effect of space dependent frict
dominates the nature of current. We would like to emphas
here that in absence of asymmetry current reversals does
take place.

Multiple current reversals can also be seen when the
plitude ~A! of the forcing term is varied in a suitable param
eter regime of our system. In Fig. 5, the plot ofj versusA is
shown for different values ofw, keepingl, f, andT fixed at

FIG. 4. The mean currentj vs w and T for A50.5, f50.2p,
andl50.1. The contour on the base shows the zero current.

FIG. 5. The mean currentj with amplitudeA of the forcing term
for f50.88p, T50.05, andl50.1 with w53.0, 4.0, 5.0. The
inset shows the contour of zero current forT50.05 forw54.0. The
dots in the inset show the four values ofA for f50.9p where the
current reversal occurs.
7-3
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0.1, 0.88p, and 0.05, respectively. Forw54.0 curve, we can
see as many as four current reversals. For very large valu
A, the current asymptotically goes to a constant value
pending on the value off, as was previously shown for th
adiabatic case @16#. This value was shown to b
2(l/2)sin(f). This is special to the space dependent fricti
ratchet where the currents saturate to a finite value in
largeA limit. In the absence of space dependent friction it
to be noted that currents decay to zero in the sa
asymptotic regime. As the asymptotic value depends on
phasef, so we can choose it appropriately to make t
asymptotic current positive or negative. In the present casf
is chosen such that the asymptotic current is negative w
guarantees at least one current reversal irrespective of
quency. The oscillatory behavior in thej -A characteristics is
the reminiscent of the deterministic dynamics@4,31# which
will be discussed later. The inset in Fig. 5 shows the z
contour ofj versusf andA for w54.0. Forf.p only two
current reversals can be seen. Forp.f.p2e ~wheree is a
small number! or 0,f,e, four or more current reversal
can occur. The value ofe depends critically onT, large for
smallT, and vice versa. It is also to be noted that we have
even number of reversals for finite frequency driving. The
oscillatory features along with their associated current rev
sals disappear in the high-temperature regime as expe
Figure 6 is forw50.25 and shows that current reversal

FIG. 6. The deterministic currentj vs amplitude of forcingA for
w50.25 andf50.2p andl50.1.
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also possible in the deterministic regime of the overdam
system. This deterministic reversal of current cannot be
tributed to the chaotic motion of the system as in a forc
underdamped oscillator@19#. It solely arises due the presenc
of space dependent friction. As shown in Ref.@4# here too
the deterministic current shows quantization and phase lo
ing behavior. However, all these complex features are
robust in the presence of noise as discussed in earlier lit
ture.

In conclusion, we have studied the transport properties
overdamped Brownian particles moving in an asymme
potential with space dependent friction coefficient a
rocked by periodic force. We observe several novel and co
plex features arising due to the interplay between asymm
and inhomogeneous friction. Currents in the low-temperat
regime is mostly influenced by the asymmetry of the pot
tial. At higher temperatures it is controlled by the modulati
parameterl of the friction coefficient. We find current re
versal with temperature even when the forcing is adiaba
In the presence of finite frequency, current reversals are s
twice. As a function of amplitude of the forcing term w
observe multiple current reversals. Current even reverse
sign in the adiabatic deterministic regime. All the above
sults can be understood in a qualitative manner. Current
versals in ratchets are very sensitive to system parame
Even the condition of current direction cannot be read
predicteda priori. Ratchets of different kinds~and there are
as many as discussed by Reimann@30#! require different
conditions for current reversals, which have been worked
in some limiting cases@30#. However, all ratchets exhibi
great sensitivity to the form of underlying potential and
derivatives over the entire period~see the introduction of
Ref. @30#!. For example, it has recently been shown@32# that
by barrier subdivision of the potential profile with an integ
n number of modulations~in a randomly rocked ratchet! can
lead ton21 current reversals as a function of temperatu
However, there is no universal rule to obtain current rever
We expect that our analysis should be applicable for
motion of particle in porous media and for molecular moto
where space dependent friction can arise due to the con
ment of particles.
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